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: : tal energy will be
Note further that if it is given that system is isolated thel;;;:tzotl?at when the syst(:;;;s.t ang
®qual to —uH. Then postulate of equal a priori probabilities a 18 i

ilibr i tes.
equilibrium it is equally likely to be found in any of these three sta

141. PHASE SPACE : SPECIFICATION OF STATES OF A SYSTEM :

. e i in terms of three ¢ :
In classical mechanics, the position of a point particle 1s descrlbe(}' lflll'eedom The statﬂemi’srul
coordinates x, y, z and the particle is said to have three degljeel‘S_O o th;e P tO the
motion of particle is described in terms of velocity components %,3,2 (W ates the

differentiation with respect to time). Sometimes it 1s more conven‘lent _t-o tllSE{?1 mt?mentufm
coordinates Pys Py, p.(mx,my,mz where m is the mass of the particle) instead o velocity
coordinates. Thus the
coordinates x, y,

position of a single particle can be specified in terms of cartesigy
z and its corresponding momentum components p,, Pys P In order to apply
laws of mechanics, it i
(position and moment
six dimensional

$ convenient to devise a scheme which can be used to describe_ the state
um) of the particle at a particular instant. For this purpose, we magine g
space in which the six coordinates x, y, 2 and p,, p,, p,are marked along six

mutually perpendicular axes in space. The combined position and momentum space is then called

as phase space or T space. A point in the phase represents the position and momentum of the
particle at some particular instant.

Division of phase space into cells :
understood with the help of uncertainty p
dimensional cells whose sides are dx, dy, dz,

The meaning of a point in phase space can be
rinciple. The phase space is divided into six

dpx,dpy, dp,. Such cells are called phase cells.
Further, we approach close to the limit of a point in phase space reducing the size of a cell. The
volume of each cell is given by

dt=dx dy dz dp, ap, dp.
But according to uncertainty principle,

dx dp, = h, dy dp, zh, dzdp,> h

3

Thus dt>h3

A point in the phase space is actually considered to be a cell whoge minimum volume is of the
order of h®. So the particle in the phase space can no

t be considered exactly located at point
X, Y, Z, Px, Py, P, but can only be found somewhere withj

n a phase cell centred at that point.
Phase-space diagram of an oscillator :

Consider a three dimensional harmonic oscillator of mass m

and spring constant k, having
energy
2 A p
1. .
2m 2 r_a
; g i ) ) 4
where the first term on the right is kinetic energy while second -(/" E
term is potential energy; ¢ and p are position coordinate and B Ek
conjugate momentum respectively.
The above equation can be written as
2 3 )
.1
p + kq 1 Fig

omE  2E
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or

For constant energy E, equation (1) describes an ellipse in phase space i.e., in the g-p plane ]
The phase points are those lying on the elliptical path, having a semi major axis of [-2-3—) and a

seml-mmor. axis of {(2mE). At any particular instant, the phase of the oscillator is represented
by some point on the ellipse.

. The e of the ellipse in the space is given by mab where a is semi-major axis and b is semi-
minor axis. Then

A=mab=n (%} J(2mE) = 2nE (m/k)

It represents the phase space available to the oscillator having energy between 0 and E. The
phase space available to the oscillator having energy between E and E + dE is then given by

0A = QRJ% OF

and represents the region of states accessible to the oscillator.

1¢1-1. VOLUME IN PHASE SPACE :

We shall consider the volume of the momentum
space lying between the values of total momentum p and
(p + dp). A small element of momentum space with
coordinates in the range p to (p + dp), © to (8+d6), and

6 to (b+d¢) is shown in fig. 2. The element is
considered in polar coordinates p, fand ¢ like the polar

coordinates of position r, 8and ¢.
The volume of the element is given by
drt,= dp.pd®.p sin8do
= p”dpsin6 dod¢ o)

Again, the volume of momentum space lying between
p and (p +dp), and independent of direction is given by

9 T 2n _ il o
At,=p dp. _[0 sdeB.jiJ d¢=np” dp. .(2)

This volume is same as the volume of a spherical shell of thickness dp lying between p and

(p +dp).
Now we shall express the volume of phase space AT in terms of a volume AT, of momentum

space and the volume V of ordinary space. The relationship is given by
At = 4np® dp jv‘ dxdydz

or At=A4np®dp.V - (3)
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terms of kinetic energy. We Koy . i
o

. o . —~ : 1
The element of phase space can also be expressed i
p

&= 00! Where m is the mass of the particle. Therefore
A1

— m)
=/(2mg) and dp= (—* ' de
Substituting these values i in equation (3), we get

1/2

(m ) .
dt=47(2me) | (_-J de.
\ 2e.

or dt=2rn(2m)" e *de.V c(d)

The equations (3) and (4) are of great importance in statistical mechanics as these are ygeq ; in
solving a number of problems.

1+1-2. NUMBER OF PHASE CELLS IN GIVEN ENERGY RANGE OF HARMONIC
OSCILLATOR

For one dimensional oscillator, the area of a phase cell in phase space is given by
oxdp, =h

as phase is two dimensional (*—p.).

The energy E of the oscillator with mass m is given by
p?

&= +k
2m

2 2
X jom

-1
r (2ETk) ' 2mE

1

. . . S [2E o ,
The equation represents an ellipse with semi major axis g = _Eu and semi-minor axis

b=,(2mE).

The phase space area of the oscillator having energy between 0 and E ig

Tab=n @J@mﬁ'} =2nk \/—;nl (2

We know that the frequency v of the oscillator is given by

From eqs. (2) and (3), area of phase space is
=2nE x f-L= £
2ny vy
_ area of phase space

so number of phase cells ; AL i
area of phase cel]
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The microstate of i
a particl ;
momentum coordinates p,, p ; car';‘1"11Je Speafied Loy tlumn gt soareE 8 g Eranes
s Py P.. The volume of phase cell in phase space i8 given" by

hree

Sx 8ydz dp, 8p,, &p. =h* (D)
Total volume of phase I
se space = Hj Ide dy dz dp, dp, dp.
= V'”‘Jdpx dp:‘r dp: ..-(2)
because IH dx dydz=V
Consid at 1
- onsider that in the energy range 0 to E, the possible values of momentum are from 0 to p.
d’ 1 3
J..” Py dp_‘.' dp-‘-‘ = § T Ppax
as the volume of momentum space is a sphere of radius p.
The energy E of a free particle is only kinetic, s0O
2 _ o ,
-=.§;1_ OF Diax =pi+pi+p: =2mkE
Therefore Hj dp, dp, dp. = i;—n (2mE)*"* ...(3)
From egs. (2) and (3), the volume of phase space
4 |
= V{-—-TE omE)*'*
: ( ) [
so that number of cells in phase space
4, ezl L
= V{- omk X—r
33 Nl
4nV 3/2
=2 x(@2mE)T T N )
3h°

as volume of a phase coll 38 A2
142 MOREA&QULE&&&E&&&L..EE_S_M@EM&LEAX ERAGES:
11 introduce concept of an

""""" d about phase space. Now we sha

ule can be specified in space, in cartesian

ensemble.
momentum coordinates. Such a space 18

t us take gas as a system (Fig. 3a). Each molec
set, by 41:92-93 position coordinates and py,Ps:P3
referred to as H- space (Fig. 3b), being siX dimensional. It means for a system of N molecules
there will be 6N dimensional space. We, infact, want to represent the whole system of N
molecules as a single point called phase point or representative point. It 1s done by taking [q] [p)
space where [q] stands for 3N coordinate axes and [p] for 3N momentum axes. It means if a
system has f-degrees of freedom (i.e., f for position coordinates and f for momentum C

Le

oordinates)
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clements. It means all elemen )

they differ from one anothe;s il:lﬂ"e same macroscopic state but different microscopic states (i.e.,
hsotigh the: eancept o thess & position and momenta coordinates of individual molecules).
theory of probability in order tBIT'len_t.s we find ourself able to use the mathematical tool of the
e hesttii: : o arrive at the parameters that characterise the whole system

ThisE;::se?;l;l:h;AS:f??ge + It is the average at a fixed time over all the elements in an ensemble.
‘ Thg y agrees with time average provided :
W 86 fh?;s;?;tfi lrr:'egeﬂﬂls a macroscopic system consisting of a large number of molecules
(i) The numb ¢ indomise in a true sense the microscopic variables.
= theef cumt ?rl(') 1m?§1n8d elements that form the ensemble at one time is large so that
fimi‘ an truly represent the range of states access ble to the system over a long period of

We shall discuss more about ensemble in the next article.

1+3. ENSEMBLES :

If we have a collection of particles, we shall refer to a single particle as a system and to the
collection of particles as a whole as an assembly. The collection of a large number of assemblies is
called as an ensemble. All the members of an ensemble, which are identical in features like
volume, energy and total number of particles are referred to as elements. These elements, though
identical in structure (same macroscopic state) differ from one another in the coordinates and
momenta of the individual molecules i.e., they differ in their microscopic states. The elements,
being imaginary, do not interact with each other and behave independently as discussed in

art. 1.2.

Thus an ensemble is defined as a collection of a very large number of assemblies which are
essentially independent (i.e., in calculating the possible eigenstate of an assembly we do not have
to worry about any interaction between the assembly of interest and any of the other assemblies) of
one another but which have been made macroscopically as identical as possible. By being
macroscopically identical, we mean that each assembly is characterized by the same values of set

hich uniquely determine the equilibrium state of the assembly.

of macroscopic parameters W

In an ensemble, the system plays the same role as the non-interacting molecules do in a gas.
The macroscopic identity of the systems constituting an assembly can be achieved by choosing
the same values of some set of macroscopic parameters. These parameters uniquely determine
the equilibrium state of the system. Accordingly three types of ensembles i.e., microcanonical,

canonical and grand canonical are most widely used.  —
Their description is as follows :

1e3-1. MICROCANONICAL ENSEMBLE :

The microcanonical ensemble 15 @ collection of
essentially independent assemblies having the same
energy E, volume V, and number N qf.systems; all {he
systems are of the same Lype. The individual as_asembhes
are separated by rigid, impermeable and well insulated
walls (Fig. 4) such that the values of E, V and N are not
affected by the presence of other systems. We can not
actually specify the macroscopic energy of an assembly
exactly.
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) = E remains constant, according ¢,

Consider a closed system for which the total energy H(g p

the equation
E(ql.__,q[, PrPp) = constant. _

The locus of all the phase points having equal energies 10 pha
or ergodic surface. We can now imagine a family of such energy
surfaces constructed in phase space and let us consider two
neighbouring surfaces with energies I/ and E +8E (I'ig. 5). 'Each
surface divides the phase space into two parts, one of higher
and the other of lower energy, hence they will never intersect
each other. As they include some phase volume in between
them, they will contain certain number of phase points. The
number of phase points between them will be constant. A very
useful ensemble can be obtained by taking the density as equal
to zero for all values of the energy except in a selected narrow
range F and (E + 8E). Using the terminology of Gibbs, such an
ensemble, specified by

p = constant  (in the range F and E +8E)

p=0, (outside this range)

may be called a microcanonical ensemble.
We observe the following properties :
(1) As p is a function of energy, this ensemble is in statistical equilibrium.

predicted by such ensemble will not vary in time being in

se space 18 called energy SUPface
E + 6E

p| E

q —3
Fig. 5.
Energy shell in phase space.

(ii) The average properties
statistical equilibrium.
(111) As p is constant within the energy shell, the distribution of phase points is uniform (by
Liouville’s theorem).
An ensemble of this kind can be regarded as obtained from an originally uniform ensemble by
discarding all systems having phase points with positions that do not fall within the limits in the
phase space and correspond the energy range K and (E + 8E).

123—-2. CANONICAL ENSEMBLE :

The canonical ensemble is a collection of essenti ally : — ==
' mblies having the same temperature T. vol '
independent asse . : g D me | E N . |
V, and number of identical particles N.
To assure ourselves that all the assemblies have the same
temperature, we could bring each in thermal contact with a TVN [T, V,N |T VN
large heat reservoir at temperature 7’ or we could simply bring ‘|4
all of the assemblies in thermc{E contact with t?ach other. TN |Tun v |
Fig. 6 represents symbolically a canonical ensemble, The
individual assemblies are separated by rigid, impermeable, but =

diathermic walls. Since energy can be exchanged between the
assemblies, they will reach a common temperature.

Thus in canonical ensemble, system can exchange energy but not particleg

1¢3—-3. GRAND CANONICAL ENSEMBLE :

The microcanonical ensemble is a collection of independent assemblies having the same
energy E, volume V and number N of systems. The

canonical ensemble is a collection of
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independent assemblies havi 2

et . Thsdtomltg fm;llg nll;ie same temperature T, volume V and number of i i

constant energy has b rocanonical ensemble to ' vk
s gy een relaxed. This simplifies aniopica ensprable; e pondition: of

exchange of energy takes place. Now the next | e ea kulasions in‘thernodyumnie wiiage thie
“ 3

e ber of uaiilen, AetEally o b o glc?ll step i8 to abandon the condition of total
al-process this number varies and in vari ]
arious physical

problems, e.g., radioactive it is di
decay, it is difficult to keep the number of particles constant. Such an

ensemble in which exchange
- , d Lang of energy as well as of particles takes place with th ir i
nown as grand canonical ensemble. ke plae Wikl Hie heab reservonsias

The grand canonical ense ]
mble is a collection of es ' ‘ i
spelene el o ovanedllien s e e mte“?m;eb}s‘enu:lly independent assemblies having

will discuss the chemical potential in a later article

In'the grand canonical ensemble we then effectively have
collectlpn of assemblies, each occupying a separate volume V,
but which can exchange energy and as well as molecules witk;
each 'other. Fig. 7 represents a grand canonical ensemble.
The individual assembly systems are separated by rigid
permeable, diathermic walls. ’

The grand canonical ensemble will thus correspond to the
situation when we know both the average energy and the
average number of particles in an assembly, but are
otherwise completely ignorant about the state of the system.

Fig. 7.

1¢4. USES OF THE ENSEMBLE :

In article 1.3, we have classified ensembles into three main types. Each type corresponds to a
different experimental situation. In fact, the three ensembles which we have introduced are only
examples of the infinite number of ensembles that can be considered. These three are
particularly useful for two main reasons :

Firstly, they correspond approximately to t
frequently made in practice.

Secondly, in large assem

he types of thermodynamic measurements most

blies, it is useful to find that the values of thermodynamic quantities
are not very sensitive to the method of measurement,rFor example, in the measurment of specific
heat of a liquid of known mass and thus known.pa?tu‘:le' number, at temperatures far below the
boiling point, 1t matters very little whether the hqmd is isolated at_consts?x}t t:emper.atu_re so that
the number of systems is fixed as in a microcanonical ensemble or in equilibrium with its vapour

so that the number of systems can fluctuate as in grand canonical ensemble.

—————

K
em S, lie in the element of volume dV;1s

n the element of

C, —-E ; .
Example. Let us derive the relationp = exp.( : ]. on using the idea of ensemble.

The probability that the phase points of the syst
bability that the phase p

(E;)dV;. Qimilarly, the pro i) bt
Sélu;e c;V is p,(E,)dV, Thus the probability that the ensemble lies n
n n n n

dVis

oints of the system S, liei
the element of volume

P(E)dV = P1 (.E] )dViPZ(EZ)dVE """ pn(En)an
IV = dV;dVydVs- 3V .
o(E)=p(Er Yoo (Es)-sPu(En)

where

and
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Equation (1) can be written as

logp(E) = X logp, (E,) ()

0 1 8p_2 2 TNE
1 ap ap =i_pLdE e R g e (3
E[‘a—ﬂidEl +§_E'_2dE2 +J o, 8E1 1 Py aEz )

ap; for different values of n are equgq] e,

. 1
Since p depends only on E, quantities like —

n n

1
1 9py _ 19 =.....=constant = _}{_(say)- =)
P1 9E, p, oE,
Integrating the equations, we get
o EJ .(5)

where C, and x are constants,

Using equation (1), we arrive at

[(CI +..+C,) - (E, +...+ER)J
p=exp. =

or p =exp,(ClI;EJ, ..(6)

1s5. DENSITY OF DISTRIBUTION IN PHASE SPACE :

The use of ensembles in statistica] mechanics is guided by the following factors -

(1) There is no need to maintain distinction between individual systems as we are interested
only in number of systems at any time which would be found in different states that correspond
to different regions in the phase space.

(2) The number of elements in an ensemble is so large that there is g continuous change in
their number in Ppassing from one region of phase to another.,

The condition of an ensemble at any time can be specified by the density p with which the

phase points are distributed over the phase space. It jg called the density of distribution or
probability density or distribution function. The density of distribution P of the phase points is a

function of f position coordinates and f fnomentum coordinates e, U920 qp and py, py.......lf

corresponding to the 2f axes in_phas.e space. The density of distribution is algg a function of time
because, at any time, the density will change due to the motion of phage points in phase space.

Hence
P=p(91,9z:-..q5, p, 'PaseneenDy t) (1)

or simply as p=pg.n1) we(2)
The physical significance of the. dens_ity c_)f disil;ribution is that it denotes the number of
systems OV which are found at any gnfen t}me 1N a given small volyme of the phase space. The s0

called Ayper-volumedI' of the phase points is
8T =gy, 84,...89,,0p;,8p; ... p,. (3

,
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The number of systems 8N lying i .
oo g ying in the specifi i - -
density of Sislibabinn aiid ths Hivper-ugluns ;lpthig lsgal'sf;g;;r; c(:ea"iiebe obtained by multiplying the
..(4)

ON =p(q,p,t)dq,........ 8q,.0py ... opy,

or simply,

: /
In brief SN = .
I pdq;.5p; ...(5)
analogous to the probability that a

It can be seen that the density of distribution will be
By integrating over the whole of the

number of systems or ensemble is found in a given state.

phase space, we can write
...(6)

Equation (6) gives

p(q’p’ It) - p(q“Dst) 7
~Tp(g p,t) day...dp;

extension in the phase space that the phase point for a system, chosen

ble, would be found, at time t, to have the specified values of ¢’s and

d p as normalized to unity inaccordance with the

as the probability per unit
at random from the ensem
p’s. It is sometimes convenient to regar

equation
1=J..Ip(q,p,t)da; ...ADy- ...(8)
probability per unit volume for finding the phase

s directly the
ifferent regions of the phase space.

The quantity p itself then give
dom from the ensemble in d

point for system picked up at ran
1+6. GENERAL DISCUSSION OF MEAN VALUES (ENSEMBLE AVERAGES)
The average value of a variable u in an ensemble is calculated by multiplying each possible
value u, by the number 7 of the system in the ensemble (which exhibits this value), and adding
r . ey .
the resultant product for all possible values of the variable u and then finally dividing this sum
uation (1) below.

by the total number of systems in the ensemble as shown in eq
i Let u be the variable which can assume any of the M discrete values represented by

uy yUg . Y |
with respective probabilities m(ul),u)(uz)...m(uM ):
Then mean (or average) value of u, denoted by @, 18 defined by
E:%)ul+w(u,2)u2+ ...... + oty ) Un )
o1ty ) + @tdg) ot OB
M
Z(ﬂ(ui) U
e 42

=M
Z(U(u;)
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J pdr=1. feq. (D] can be obtiig |

orape value
the averapt ; and then Inteyrygg,,,

When the distribution functions are given, Jir respective IH'“hillriiil.n-r
multiplying all the possible values of x(P) by them re:

over all states i.e., (!
o)

x= J' x(P) p(P)dl’
M

1-7. LIOUVILLES THEOREM : represented by a unique poing
- We know that every possible dynamical state of a HJ{HI.;-::: I'.‘-i ::,:ij,],l-q uniqut'gfy g el .
- i 1 1] T 3 (&1 X 2r i ’

its phase space. The state of the system at any given time called trajectory. One and only une,

other time. The point in phase space moves along a path, . 's equations of motion fix the
trajectory passes through each point in phase space as Hamilton's equal '

- . 1l g equations of motion :
local gradients uniquely. So trajectory is determined from Ha milton’s equations
. oH
q; = od and p, =-—
- dp; g,
e @i g0y ...py) 1s the Hamiltonian of the system.

As a result of this motion, the density p of the system in phase space changes with time. We

0 ) . ) .
—p. at a given point in phase space, using

are interested in finding rate of change of density, ;
(9] 8

Liouville’s theorem.
Liouvilles theorem is primarily concerned with defining a fundamental property of the phase

space, in which the system, represented uniquely by a point, moves in time. The theorem consisty

of two parts :
(1) The principle of conservation of density in phase space : This part states the consgervation
of density in phase space, i.e., the rate of change of density of phase point in phase space is zero

or gg=|0.

dt

(2) The principle of conservation of extension in phase space : Thig part gives the conservation

of extension in phase space i.e., a—ﬁ-(ﬁl‘) = 0or the volume at the disposal of a partioular numberof

phase points is conserved throughout the phase space.
First Part : Principle of conservation of density in phase space :
Consider any arbitrary hyper volume
dr’ = 8q, 8q,...8q,,8p, 8p, ....... op,

in the phase space located between ¢, and @) +8qy) ....... q7 and (¢, +8q,),p, and
El . f P e

(p, +06py).....p; and (py+8p;). The number of systems (bhase points) ip this volume element

(8q; .--8q;,8p; --.0p;) changes as the coordinates and momenta of the System vary with time. If p
yste h time.

be the density of phase points, the number of phage points in thig volume olemeng { instant
feinent, at any 1ns 1

t, is given by
8N = pdlI" = pdq, ...3q,,5p, - 8p;.
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The changedm number in phase points in the volume element per unit time is given by
. d
—(8N) =— =0
7 ) = (pOI) =pdr
= pdq, ---‘SCI,-r-SP]---SPf- p N L P
In a time dt, the ch i i B | =
I e dt, the change in number of phase points 5 '
within the volume of phase space is given by = w.':i--

: Py
=pdt dq, ...(Sq[.ﬁp] .--513',(

This change 1s due to the number of systems {
entering and leaving this volume in time dt. Consider i
two faces of hyper volume normal to g-axis with : IL
coordinates g, and g, +8q; as shown in fig. (8). In ) q —>ql+5q’

Fig. 8

this figure only two axes are shown.
If ¢, is the component of velocity of phase point at ¢, ...q;,p; ... Py, then the number of phase

points entering the first face in time dt will be

pg, dtdq,...5q, 8p, ...0p;. vel1)
Again the phase points leaving the face (q, +8g;) in time df will be
0 . 0q
[p +—p5qlJ[q1 +-ﬂ6qIJdt.6q2...5q;f op, ...0p;, ' vis(2)
aql ath

because density p changes with change in position and momentum coordinates. At opposite face

as coordinate g, changes to g; +8q;, density p also changes to {p+(dp/dg;)dq;}. Similarly, the

velocity ¢, changes to {G,+(9q, /1 9g, )8q, }.

Neglecting higher order terms, we have

: oq; | . dp ) :l
+ p &L 4 g, = |8, |dt8qy...0;; Opy ...OP ..(3)
[Pfh ( p 2, 1 a4, 1 2 £3 %P f

Subtracting equation (3) from equation (1), we have

u[pgg‘—+q'rl ;{?—Jdrﬁq_“..ﬁqr;&pl ..0p; ...(4)

Similarly, for p, coordinate, we have
-(p?&+ B _aﬂsz 5q, .84 5py 30y
ap, ap,

The net increase of number of systems in time dl
obtained by summing the net number of systems entering the volume

labelled by g ...q, and p; ... p;. Hence

...(5)

in this volume of phase space is then
through all the faces

; o |
d 94, ap-J (ap. ap .J}d pose 8 .(6)
—(8N)=- A | =g+ P t g, ..-0q 0Py - Pt

'™ Z{p[aq ) \og " o

As i _a_P
7 (8N) = = dtdq, ...5q0p; -..8p;.
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therefore
% 4 9 ) L ( op 5q,; 8p; ---Op
5, 9t8q, ...8q,8p, ...5p, = _ 9G; 9\, (9P 5 4 P p. |tdiBqy -8y OP1---OPf
ot 1+--0q,8p, ...8p, ; Pl 5 R
e a—p = _i p(ap' +9§i + _ap_qr +—_a—p-f),‘]} "'(7)
ot ="\op 3g) \9a, " op

The above equation can be simplified as follows :
The equations of motion in canonical form are

q; = al and p;, =— 85
* op; i og;
Now _a_q_: sy | aﬁ';‘ - BEH

dg; dp; - dgq; ap,'. I
since the order of differentiation is immaterial. We can put
f . ;
¥ 9 9\ _, ..(8)
i=i aQ‘.‘ op;
Substituting equation (8) in equation (7), we get
f
0 ap . dp .
(_P] . —Z[iqf s g ) .-(9)
ot)gp {T\94; op; J
This result is known as Liouville’s theorem.

Equation (9) can be written as

ap} dp dg; op dp,
b 5 [ T T s | R S e 30
[Bt a.p dg; dt Z op; dt ...(10)

and is identical with the equation of continuity in hydro-dynamics. If p is a function of g, p and

t, and g, p are functions of ¢, then total differential coefficient of p with respect to t is given by

dt ot dq dt op di

Generalising this for all fp’s and f ¢’s, we get
dp _9p 5 9p dg; o]

dt ot “'dg; dt “op, dt we(11)
Comparing equations (10) and (11), we get

dp _

de A

According to Gibbs, this form of expression may be called th
density in phase space. Therefore, the density of a group of points
trajectories in the phase space. If at any time the phase points are d
space they will for ever have uniform density.

e principle of conservation of
remains constant along thewr
tstributed uniformly in phase
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Second Part : Principle of conservation of extension in sp
ace
For this part, we have to d
’ prove that — (8" =
hat di (6" = 0. We know that
or ——(5N
)= Br*"P-—(fﬁ“) (12)

Since the number
of phase points SN in a given region of the phase space must remain fixed,

as the system can neither be created nor destroyed, we have —d—(ﬁl") =0

dp d
E(ﬁr)+Pa(ﬁr)=0 / -++(13)
d
We have proved that d_p.t =0. Hence it follows that
d
2 @r)=0. (14
p-(8D) (=
Since p # 0, we have
d
it 51—-\ :0. e
dt( ) B)

Following Gibbs, the equation gives the principle of conservation of extension in phase space.

Alternate proof of the second part :
Let g .. and p,.-Pr be the position and momenta coordinates which constitute the phase

space. Let Spl...Spf 8qy... 097 = 8T, be an element of volume. Let 8T be the element of volume

rval of time dt. The new coordinates, therefore, are

Py ops
[pl +——at—dt)(pf +_é?dtJ
d
and (q +%—dt} [q +—§£dt] ...(15)

a and position coordinates 1s Z—* and Z %, and after a

after an inte

because the rate of change of moment

aq"
time dt, the change will be Z——— dt and ‘ Et—dt-

Let the volume element be 8y, t then

or, =d8(p, + pldt)...ﬁ(pf + pfdt)ﬁ(ql +q1dt)---5(qf +qydt)s ...(16)
2 0q; _ -
ere 5 )2 and 5t q;

Equation (16) can be written as

. ; dq
2! %Br 44 1+-a—r—dt] 14+—Ldt|. ..(17)

e
) ;-
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e

The dimensions of thi 15q} 0qy -..... 8478py8py ...... 8py. i)
1s volume element are those of (length x momentum). If a finite volume

of the phase space is divided into a lar
: : - ge numb ;i ]
2 ot Rinany O S er of cells, then the size of each cell will be h!,

' h = 8q;dp; ... (2)
Number of phase cells in the volume element 1s
nf

.. (3)

2+7. CLASSICAL MAXWELL-BOLTZMANN DISTRIBUTION LAW :

The assembhes, in generel, consist of three types of particles :

L. Ic?enucal but distinguishable particles : Molecules of a gas are the particles of this kind.
The particles obey Maxwell-Boltzmann distribution law.

2. Id_,'entr,cal but indistinguishable particles of zero or integral spin : Photons are the particles
of this kind. The particles obey Bose-Einstein statistics and hence are known as Bose-particles
(Bosons).

3. Identical but indistinguishable particles of spin 1/2 : Electrons, protons, neutrons are the
particles of this kind. They obey Pauli’s exclusion principle and Fermi-Dirac statistics. The
particles are known as fermions.

The Maxwell-Boltzmann distribution law which is applicable to identical but distinguishable
particles tells us how a total fixed amount of energy is distributed among the various members of
an assembly of identical particles in the most probable distribution.

Let us consider a system of large number of similar but distinguishable molecules, enclosed

in a vessel of constant volume. Suppose that what we know about the system is that its energy 18
constant. To obtain further information about the most probable behaviour of the system, it is
necessary to choose an appropriate ensemble of similar system and to consider their behaviour.
The ensemble suitable for this type of system 1s microcanonical ensemble. The points
representing the systems are distributed uniformly through a thin shell lying between two
surfaces in the u space representing constant energies of E and (E + dE), respectively. When SE 1s
permitted to approach zero; the uni

formity of distribution is not disturbed, while the energy of
every system approaches the require

d constant value E. The probability @ of finding the m
first cell, nz in the second cell and so on, is given by
n!
nylng! .. n;!
n!
m=

o I n; !

To find out the most probable distribution of molecules among the cells in the p space®, we
must calculate the maximum of the probability o for a variation of the numbers, ny, g, N3 -

etc. subject to the subsidiary condition 7y *+ g1 = n.

molecules In

=

.. (1)

% constant

f systems can be represented in phase space. Each representative point_ in
Gimilarly, a system consisting of a large number of similar
e. Then each point in the y space indicates the precise
The number of axes in | space will be less than the number of axes
then p space consists of 2f dimensions and if there are 1t similar

large number O

*An ensemble consisting of 2 e a whole

phase space defines the exact state of the sys
molecules can be represented in p space W
state i.e., position and momentum of a sing
in phase space. If the molecule has f degre
molecules in the gystem, the phase space wi

le molecule.

e of freedom,
11 have 2 fn dimensions of axes.
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From €quation (1) we have

-onstant,
5 tog L+ const

1

€1 (l
logw = logn!- d)
Using Stirling’ ) . h
8'S approximation, we have ) —
logw=nlogn-n- Z (; log'n; —m;)+ constan ()

1

also take ny,ng . .
of molecules, n is very large and we can 1:79, o be

because the nuy mber |

sufficiently large.
From equation (3)

logw=-3" n; log n; + constant ()
i
Here we have included the term n log n in the constant and the two factors n and Z no=p

L
are cancelled. Differentiating equation (4), we have

6logm = —Z S(Hi logn,;)

==Y (logn, +1) n,. ag (B

Applying the condition of maximum probability i.e., log ® = 0 we have

—Z dog n; +1) on; =0 .. (6)
_ i
As the total number of molecules n cannot be altered, the variation dn; must always add up

to zero i.e.,

Z 7, =n = constant

L

Z ﬁnl- =3n=0. ---(7)

guration such that n, parti
energy €;,ny particles to second cell with CNergy €, and so on. Then

Z nE; = E
i

or OF = Ye;8n, =0, . (®
Applying the Lagrange method of undetermined multipliers i ¢ iplyi tion (7)
by o and equation (8) by B and adding the resulting ex s multlplymg SN

Pression to €quation (6) we have
Z (log n, tl+a+Be;) n; =0
L

cles go to the first cell with

L9
For convenience adding the integer 1 to o, ang Putting it equa] t, o
ni =( ’

ed only wher, eap : )
Thus 1t each terpm In the Summation is separately

logn, +o+Be; =0,
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Now
logn,—l =—(a+Be,)

or
= N .. (11)
EKp‘[u.kBEf]

portance in statistical physics and is known as Maxwell Boltzmann

_ '_I‘he result is of great im
distribution law of particles

Also

"’zz ni =, exp.(- a).exp (- Pe;) or exp.(—a)=%,
l 1

h
whnere Z > Z exp‘(_ BEI') . (12)
L

Z 1s known as iti i
L part;_thn function and is of immense importance as it leads to the solution ot
g mber of statistical mechanical problems

2°8. MAXWELL BOLTZMANN D
SINGLE KIND : ISTRIBUTION FOR MOLECULES OF MORE THAN A

reactNow wle shall consider the case of a system composed of interacting but
1 lnlg mo ecyles of more than a single kind. For example, consider a mixture of n,n s n" e
molecules of different gases. Let n;,nj,nj... etc. be the number of molecules of these different
.. ete. into which we divide the p spaces
ilibrium is attained, the

not chemically

kinds which are assigned to the various equal cells i, j, k
for thgsg different kinds of molecules. When the macroscopic equ
probability o of finding the conservative system in the specified state is given by

n! n'! n"!
x constant. P

w=

” L I

gl nitonil gl g

Taking log, we have
log w=logn!- z logn;!+logn'! -

> lognj! +logn”! - Z log nj! +...... + constant. ... (2)
i J

k

Applying the Stirling approximation, we get

log ®=nlog n - > n;logn +n'logn’ -y njlogn; +n”"logn”
i J
= z ny, log nj, +...... + constant. ... (3)

k
The condition of maximum probability 1s
S(log w) =— ., (logn; +1) 8n; — >, (log nj +1)dn; - S (logng +1) dnf —...=0. ... (4)
4 . =
1

J
kind of molecules remains separately constant; hence

5?‘1-'—'2 Eni=ﬂ, )
i

Sn’:z Sn;-zo, >
j

sn"=Y onp =0,
k

The total number of each

... (5)
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When A" = A, then A =1 2)
(A=A ) an - )

”If‘é! 4
L dA' = I, exp: ’ TokT\ A
: R e 3 zdls Iinf’
The distribution of intensity. thus, has a f:au.u.q;’alnm‘ - A
shape as shown in Fig. (3). The width of the gpectral AT ©

usually measured at the half intensity points a¢
figure. If eq. (5)1s expressed in terms of frequency. .
frequency width Av, can be expressed as | [
02 | /O

2kT log, = ’ L (6) ' L

A
mu. '
nt has been —>
Fig. 1.

=

."\Vd .

\

The agreement between theory and experime

found to be excellent

2+12. PRINCIPLE OF E

The lau of equipartition of
consisting of a large number of particles, 11

of a dynamical system
livided among its all

QUIPARTITION OF ENERGY :
cnergy states that the lota
\ thermal equilthrium,

| kinetic energy

15 equally «
1

th each degree of freedom 15 ﬁk?"

d the average energy associated ui

the degrees of freedom an
system  In a system, the

where k 15 Boltzmann constant and T i1s absolute temperature of the

average energy of the molecule 1s given by
f Jl‘ e’ t?dq! dp,
- s (1)

[ fe “*7 da.... dp,
ates

The value of ¢ can be evaluated provided the dependence of the energy on the coordin
and momenta are known The treatment can be simplified when the energy components
corresponding to one or more variables are separable from each other. For f-xum[:lr.. if the energy
e(p) associated with momentum. p, may be treated as independent of the other forms of energy

then we can write
i !'f;JIO('(}J_qJ
' . (2)

i

c(p. q)
) can be expressed as
; t/k]
i) J eip,) e dq, . dp,
c-elk]
J .[‘ dqi dpr

¢(p)e "PVRT —epgik
J’ I Pt ' Py ?‘qu f'!{j!
J I". fija..l_',’" vip gkl

Now equation (1

dq,.  dp,

tip) :
As €(p,) and ¢ 7' depend on the variable p other t
- [] 'T VHrA ll"ﬂ I )
result 1s the same for both numerator and denominator The ¢ may be mt(-grutpd the
Cequation (3)
) now becomes



9&_%99! Dlstﬁlzptlgn_l_.a_\y__ o L

F( ,"[{ﬂ WkT
€(p)= :[_ e = dp; .. (4)

.
I,u E P,]J\'rdpJ

If the energy can be expreceed - )
K Xpressed as a quedratic function of p; viz,,
2
tip)= By
2m
2 2
el - plrzmkT
i B dp,
37 N LR —— mes ... (B)
b _ o yoey
J T ;,umJ.por_
Using the integrals
1/2
o5 g -2 1 n
’[ IJ[, 3 . .
v 2 rl,l.
- , .12
and I e o d.r:( ]
T i
12
1 f n :
B 1 2la/zmkT)*) 1
We have E(p;) = —. e —kT. ... (B)
LM I’ n | “ 2

|(1/2mkT)|
This expression shows that the average energy associated with a single variable, coordinate

|
e w caontr  te ; v te 0 s —kRT
or momentum, which cont ibutes a quadratic term (or square t rm) to the total energy is

per molecule in every case. This is known as principle of the equipartition of energy.

The component of the kinetic energy of & molecule in any direction may be expressed as a
l'l » J

2 100-
quadratic function of the corresponding momentum. €.8.,€ = p, /2m; hence the mean value of

. . _
ule otion 18 —kT. In case of monatomic gas, the total
the kinetic energy per molec ule 1n that dire 5

made up of three components corresponding to three momenta, hence the total energy
energy 18 »

18 —; kT per molecule
9

) ’ ren by
The rotational energy £, 18 given b
o
Py -
roal

tum and 7 is the momentum of inertia about the axis of rotation.
ntu !

where the angular mome ' . o s o
o By L ’ uadratic function of corresponding momenta and hence every typ
The rotational energy 18 a8 4 :

. hute — kT per mole to the total energy.
as a whole will thus contribu 5 p

rotation of the molecule
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- um of two square terms (i) in\ro]ving
S S

The energy €, of linear harmonic oscillator 1
momentum p and (i) Involving coordinate g. Thus

£ = P’ e fq* (fis force constant) “ (8)
Y om 2 ibrational kinetic energy and the Secong
; . T 8 T
the first term on right hand side represents the vibr |

‘2-}27" i.e,,

' - l 0

kT, per molecule :
| s hree components of tran

o et e o ”""t”m“f‘ e ”;9 t'lfl'h(' total energy per molecy)e !
energy, three of rotational and (3n — 6) of vibrational mode. :

(3n - 3T
Derivation of mean energy of harmonic oscillator : _ il Ty
Consider a particle of mass m performing simple harmonic oscillations
along X-axis). Its energy is given by
1 9 1, 9 s
g:__pf+-:i/.r - (1)

where first term on right hand side is the kinetic energy of the particle in terms of momentum
and second term is jts potential energy, fis the force constant.

Suppose that the oscillator is in equilibrium with a heat reservoir at ff'mpt‘rﬂfurﬁ_T This
temperature is high enough such that the oscillator may be described by classical mechanics

The mean energy of the oscillator is given by
J' ee POy dp,
jn' e dx dp,

S]Etjona]

dimensiop (say

£= where = 1/kT w5 (2)

where the integrals extend over al] possible values of x and Py (1e., from = oo tg + o ).

Substituting the value of ¢ from €q. (1) In eq. (2), we got

9 ) .
Py 5 B piizm dpr j' .1’ f.l'z & B fx=r2 dx
+ -

= Zzm
£(p)= 7 3
J",, Briizm dﬂ; I,. Br=rz dx
‘? .'J' Briizm , g Bftse
-y ! ap, : ‘ I v iy
| . dy|

d 4 e 1 0 I r)' [ - I
a : /2m! B % 2
log, [J _exp l Bp; .frnj u’px ' : I{;gr | J' . Pxp.{ Bfs? ’,2} di

dp df

o : ';f.f;;linﬁran:n; 2= (/B
Substituting v = (/B p, ntegraland ; - VB x) in the second integral,

d iI ] t = ,.'—’"i I | [
e o (i ]f.'ﬁ, + l”ﬂ. =Y fem 5 - _F'.' | 1 e i
3 op / 9 B ‘ I = " dy g i B log B+ |n|,g._, J Pt L 'f‘d.”f
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» oyt I I
But J o 'dy and J. iy

dz are zero.

1.1 1
Bop p

2_'13i CALCULATION OF GAS PRESSURE
ot us consider a rectan _,. S s
the mass of a molecule The g,:fl,;‘r ,I";’“ of volume 1 containing n molecules of gas. Suppose m 18
with the walls of the box ag well cules are moving i all possible directions: they are colliding
of the molecules amongst the :fH with other molecules of the gas. Here we ignore the collision
bombardment of the molec ”h.k“”;hv]w»s. The pressure on the walls of the hox is due to the
The pressure on this face 1 \ ot a molecule strike the face which 1s perpendicular to x-axis.
may be regarded as due to the x-component of the velocities of all the

molecules. Let x be the
he mean velocity component in the x direction. The momentum of the
m+ . Thus the change in

x should reach each
volume v, 1t follows

molecule before :
§ o before collision on the face 1s mx and after collision is -
( mx)=2mx. All molecules within

momentum of a single molecule 18 mx
re are n molecules in the

square centimeter of the wall in umit time. Since the
that nx /1 molecules strike the wall in umt time.
The rate of change of momentum per sq. cm of wall
nx

mux »
|

dmnx’
I!

this 15 equal to the pressure P exerted by molecules. Thus

By definition,
(1)

2m nx-
ll

1

yuy be derived as follows
J" 2 ma~ i 2k7
X- €
'} 0

1 %
J - e o 12T dx
{

. ‘i

The values of x°n

ax .
_ k1

2m

T"n'r‘i-fnrl'_
nkT
!!

1
sponding volume, we have

Jes 10 ONe mole, and V18 the corre

kT RT

V ' \
This 18 pxpected because Maxwell Boltzmann

o8 are present

If Nis the number of molecu

{ state for an ydeal gas
yolecular fore

which 15 the equation

equation 1s apphcable when no interm?
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We note that the quantity (ERmRT)” 2 has the character of an a¥ erage
molecule, then
h

A= :
enmkT)"*

Putting this in equation (9), we get

Vil B,
S =nklog [[;]?] + —2-n.k, |
V/n) to the volume }°

: : icle
where the argument of logarithm has a ratio of volume per particle (

associated with de-Broglie wavelength.
(e) Chemical Potential, p of a Perfect gas :

From chapter 1, we write
B (92]
T on EV

0 31,9 [2
=5 nlog (v /m)~nlog™ ]+an(2nJ

5
=—a—[n log V—-nlogn—n log 13]+-§
n

—log V-1-logn—log 13+§

=lo .1._ +§,
SR sl 2

3
E_—_]_Dg E)._. __ia..
T 1% 2

Putting —ilz g— from above part (c), we have
M il 3
T T 2

3
!.l=110gp+1:log{l ]—E

| 2
=1logp+ f(7)

where 7(7) is a function of temperature alone.

3+0-3. GIBBS PARADOX :
For equation (4a) art. 3:0-2, we have already stated that it does not satisfy the additive

property of the entropy and which can be made more obvious if we

S t

indices @ and b at the same temperature T, =T, =T. If the parti;iz tigotsgssxims detn OtEd;::};
0 systems

different, the entropy of the joint system ab will be (using equation 4q)
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Sﬂb = Sﬂ +SEJ

: , 3
=nghkllogV, +% log T +C]+ nyk [log V3, + 3 logT +C]

where Cis a constant term including constant factors e.g., k, m of equation (4a).
V I\I]/OW":'{' the particles in the two systems are the same and if, for convenience, we take
w =Vy =Vi n, =ny =n, we have to consider 3n particles in a volume 2V. We get -

I Zn.klilog 2V +g—]0gT + C]

= 2nk[log V +%logT +C}+2nklog2

_ =S, +S;, +2nklog 2,
which shows that by joining two moles of two different gases by removing a partition between
them, the entropy of the joint system increases by an additional factor 2nk log, 2 which can not

be accounted for. This is called Gibbs paradox.

The explanation is quite simple. After the removal of partition, a molecule of each system,
being indistinguishable, can be found anywhere within the volume 2V instead of V and_ hence
external parameter becomes 2V and the possible states of energy are to be calculated with the
total volume 2V instead of simply V. This explains the
occurrence of the additional factor nklog2. So, if we take

two systems as the same e.g., two molecules of the same

gas, in that case the molecules will be indistinguishable 1 mole 1 mole
(as in quantum mechanics). Indeed, if we treat the gas by a b
quantum mechanics, the molecules are to be regarded as v 4

completely indistinguishable, i.e., in that case one can not
say or observe and label the individual particle. So
applying this idea of indistinguishability to classical Fig. 1. Mixing of two gases.
approximation, we can correct the equation (4a) of art.

3.0-2. We note that if there are n molecules in a system,

then they can not be distinguished in n ! ways and hence to arrive at the correct result, we must
divide equation (4a) art. 3.0-2 by n ! which leads to equation (5) art. 3.0-2 which embodies the

additive property of the entropy and then
S,,, = 2nk [log 2V ~log 2+ %mgT +C)

= S\‘_]‘. + Sb
Gibbs paradox is thus resolved by the concept of quantum mechanics.

While dealing with grand canonical ensemble (art. 3.2) we shall observe that entropy,
deduced by the application of this ensemble, bears the additive property.

30-4, PARTITION FUNCTION AND ITS CORRELATION WITH THERMODYNAMIC
QUANTITIES :

(a) Partition Function : Let us consider an assembly of ideal gas molecules obeying
classical statistics e.g., Maxwell Boltzmann distribution law. Following this distribution law, let
n. molecules occupy ri* state with energy between E. and (E, + dE,), and degeneracy, &, .

r
Then
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e

n, = ge %o Er/kT
= grAE’_BEr B (l)
1
where —e @ =
A=e and B T

so that tota] number of molecules in the assembly
N=Y n,
r

=A Zgre‘ﬁE"

or Ny bl - (2)

45 tion. The t

. ; it n. er
where Z is called the Boltzmann partition function or simply the partition functio =
-BE,
Y g, e PE
T

represents the sum of al] the g ¢ P8 terms for every euergy state of the given molecyle

Consequently, the quantity, Z, indicates how the gas molecules of an assembly are distributeq o

Partitioned among the varioys energy levels and is called a partition function. Taking the weight,
&, of an individual leve] as unity, we can write the equation (2) as

4= Z e PEr
r

w (8)
(b) Correlation with thermodynamic quantities.
(i) With entropy, S:
Entropy is related to the weight, o, of most probable configuration by
S= klogwmax, . (4
where for a classical system having total number of molecules as

v(zn)

£
we have o=NIJ, 2L
n.!
T
or

log 0 = log N'!+ Z ("'r log &, —log n, n.
r
Using Stirling approximation
logn!=nlogn-n,

logm:NlogN-—N+Z (nr lgggr
o

According to Maxwell-Boltzmann distribution law

T



Method of Ensembles—I

151

sothat logwg,,  =NlogN-N +Z [n,log g, —n, log{grAe"BE' Y+n,]
r

:N]OEN—N+Z n, loggr—-z n, ]Qggr—-z nrlogA+z "rBEr +Z n.
r r r 3

r

Taking Y n, =N, total number of particles, and Y nE, = E total energy of the gas molecules

of the assembly, we get
log Wpex = Nlog N - Nlog A+BE
N
=Nlog—+BE
g p

=NlogZ +BE (Using eq. 2)
Putting in eq. (5), we find that entropy is
§ =klog Wy
=kNlog Z + kBE

=kNlogZ+k.L.E
kT

=kNlogZ +£.
T
For an ideal gas E= % NKT
so that S =Wlog2+%Nk.

which gives the entropy of the assembly of ideal gas molecules.
(ii) With Helmholtz free energy, F :

Helmholtz free energy F is given by
F=E-TS

=E-T(kNlogZ+EIT)
=E-NkTlogZ-E
=—-NkTlogZ.

(iii) With total energy, E: o
Average energy of a system of N particles (assembly) is given by

Z n.E,
=—'r—-——-'
s

r
Y, sAe P E,
—r
Z grAe"ﬁEr
=

¥ g B

r

E=

= |y

Z

.. (5)

.- (6)

(using eq. 6)

(D

(using eq. 1)

(using eq. 2) ... (8)
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Since z=3 grePEr
r

—E, (KT
= Z £ re
r
we have for isothermal isochoric transformation

[%J =% g xxe B
oy = "4

| Z ~E, /KT ;
o &€ r
kT? <

0z ~E, [kT
sz[-——J =Y g Ee
oT )y -

=Z E (using eq. 8)

2
or NE = NET (@-]
z \ar),

or total energy, £ is given by :

2| d
= NkT {5? (log Z):L - (9)

(iv) With enthalpy, H :
Enthalpy is given by

H=E+pV=FE4+RT (for ideal gas Py = RT)
= Nkr2| 9
= NkT [g-f(log z)]V +RT .. (10)

(v) With Gibb’s potential, G :
Gibb’s potential is given by
G=H-T§

d
=M1 2 (100 7 - &
‘:BT (log ):L +RT T[kN log Z-l--?—;-) (Using eq. 5 and 10)

= NkT [gj:(log Z)l/ +RT - Nk logz - g

P)
=NkT2[-—-(logZ)} +R
T - Nk — 2| o
oT v TlogZ - Nkt [ﬁ"ar (logZ):I
v

=RT - NkTlog 7 (Using eq. (f‘))
LR (1
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(vi) With pressure, P, of the gas :

Pressure is given by
P= _(9_{
av )

J ... (12)
= NkT| -2
[av (logZ)J

5
using eq. (7).
(vii) With specific heat at constant volume, Cy :

oE
G, = —
. [a:r]v
J

=9 | mr2 9
37 [Nk?’ 5 (log Z)VJ

2
= Nk zTi(]0g2)+Tza_(10gz) soe (13)
oT oT2 .

Ex. 1. Show that if the partition function is given by Z, then mean energy, E , is given by
= d 1
E=——(logZ), wh =—
aB( gZ) ere 3 -

Refer to the case (iii) of relation of Z with total energy E. We have shown there in eq. (8) that

ZE=Y g,Ee PEr . (D)
Further zzz g€ BE,
r
0Z -BE
- = E r
or B ; g,E,e
=_ZIE - (Using eq. 1)
or E=—-——
Z ap
)
=——©(log Z
aﬁ(og )

which is desired.
Ex. 2. Show that internal energy of harmonic oscillator of frequency v is

E=hv l+ : there @:ﬁ\i
2 kT

e@—l

The energy levels of a harmonic oscillator of frequency, v, are
1 .
EJ:[J-}-EJ}N’ 1—0,1,2,...

Hence the partition function per oscillator of an ensemble of identical acri Tt o
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